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A CURIOUS CONVERGENT SERIES
MELVYN B. NATHANSON
Abstract. A classical theorem of Kempner proves the convergence of the sum
of the reciprocals of integers with missing digits. This result is extended to a
much larger family of sets of positive integers.
The harmonic series
∑
∞
n=1 1/n diverges, but mathematicians have long been
interested in subsequences A of the positive integers for which the sum of the
reciprocals
∑
a∈A 1/a converges. For example, for every integer σ > 1, the series
ζ(σ) =
∑
∞
n=1 1/n
σ converges. In this Monthly in 1914, Kempner [5] proved that,
for all c ∈ {1, 2, . . . , 9}, if A is the set of positive integers in which the digit c does
not occur, then the series
∑
a∈A 1/a converges. Kempner’s results are Theorems
143 and 144 in Hardy and Wright [?]. There is now a large literature on integers
with missing digits (for example, Baillie [1], Farhi [2], Gordon [3], Irwin [4], Lubeck-
Ponomarenko [6], and Schmelzer and Baillie [8], and, very recently, Maynard [7] and
Walker and Walker [9]). This work depends on the unique decimal representation
of a positive integer, or, more generally, the unique representation of a positive
integer to base g for every integer g ≥ 2.
The g-adic representation is a special case of a more flexible way to represent
the integers. Let G = (gi)
∞
i=0 be a strictly increasing sequence of positive integers
with g0 = 1 such that gi−1 divides gi for all i ≥ 1. Define the integer
di =
gi
gi−1
≥ 2.
We have
gi = d1d2 · · · di
for all i ≥ 1. Every nonnegative integer n has a unique representation in the form
(1) n =
∞∑
i=0
cigi
where ci ∈ {0, 1, . . . , di+1 − 1} for all i ≥ 0, and gi = 0 for all sufficiently large i.
Note that gk−1 ≤ n < gk if and only if ck−1 ≥ 1 and ci = 0 for all i ≥ k. We
call (1) the G-adic representation of n. This is equivalent to deBruijn’s additive
system (Nathanson [?]).
Let A be a set of nonnegative integers. The counting function A(x) counts
the number of elements a ∈ A such that a ≤ x. The set A has zero density if
limx→∞A(x)/x = 0. The set A has positive density if there exists α > 0 such that
A(x) ≥ αx for all x ≥ x0.
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Theorem 1. Let G = (gi)
∞
i=0 be a strictly increasing sequence of positive integers
with g0 = 1 such that gi−1 divides gi and so di = gi/gi−1 ≥ 2 for all i ≥ 1. Let I
be a set of nonnegative integers of positive density such that
di+1 ≤ d
∗ for all i ∈ I.
Let 0 < δ < 1. For all i ∈ I, let Ui be a subset of [0, di+1 − 1] such that
δ ≤
|Ui|
di+1
< 1
Let A be the set of positive integers n whose G-adic representations satisfy the
following condition: If
(2) n =
k−1∑
i=0
cigi ∈ [gk−1, gk − 1]
then
(3) ci ∈ [0, di+1 − 1] \ Ui for all i ∈ I ∩ [0, k − 1].
The set A has density 0, and ∑
a∈A
1
a
<∞.
Proof. Let Ak be the set of integers n that satisfy conditions (2) and (3).
If k − 1 ∈ I and 0 ∈ Uk−1, then the cardinality of Ak is
k−1∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|)
If k − 1 ∈ I and 0 /∈ Uk−1, then the cardinality of Ak is
k−1∏
i=0
i/∈I
di+1
k−2∏
i=0
i∈I
(di+1 − |Ui|)(dk − 1− |Ui|) <
k−1∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|)
If k − 1 /∈ I, then the cardinality of Ak is
(dk − 1)
k−2∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|) <
k−1∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|)
We shall prove that the set A =
⋃
∞
k=1 Ak has density 0.
Because I has positive density, there exists α > 0 such that I(x − 1) ≥ αx for
all x ≥ x0. Choose ℓ0 such that gℓ0−1 ≥ x0. If x ≥ gℓ0−1, then there exists ℓ ≥ ℓ0
such that
gℓ−1 ≤ x ≤ gℓ − 1
and
A(x) ≤ A(gℓ − 1) =
ℓ∑
k=1
|Ak| ≤
ℓ∑
k=1
k−1∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|)
≤ ℓ
ℓ−1∏
i=0
i/∈I
di+1
ℓ−1∏
i=0
i∈I
(di+1 − |Ui|).
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We have
gℓ−1 =
ℓ−2∏
i=0
di+1 =
1
dℓ
ℓ−1∏
i=0
di+1
and so
A(x)
x
≤
A(gℓ − 1)
gℓ−1
≤ dℓℓ
ℓ−1∏
i=0
i∈I
di+1 − |Ui|
di+1
≤ d∗ℓ
ℓ−1∏
i=0
i∈I
(
1−
|Ui|
di+1
)
≤ d∗ℓ (1− δ)
I(ℓ−1)
≤ d∗ℓ (1− δ)
α(ℓ−1)
and so
0 ≤ lim
x→∞
A(x)
x
≤ lim
ℓ→∞
d∗ℓ (1− δ)
α(ℓ−1)
= 0.
If a ∈ Ak, then a ≥ gk−1 and so
∑
a∈A
1
a
=
∞∑
k=1
∑
a∈Ak
1
a
≤
∞∑
k=1
|Ak|
gk−1
≤
∞∑
k=1
dk∏k−1
i=0 di+1
k−1∏
i=0
i/∈I
di+1
k−1∏
i=0
i∈I
(di+1 − |Ui|)
≤ d∗
∞∑
k=1
k−1∏
i=0
i∈I
di+1 − |Ui|
di+1
≤ d∗
∞∑
k=1
(1− δ)I(k−1)
≤ d∗
∞∑
k=1
(1− δ)α(k−1)
<∞.
This completes the proof. 
It would be of interest to extend the work of Maynard [7] and Walker and
Walker [9] to understand arithmetic progressions and primes in the sets of positive
integers with missing digits in their G-adic representations.
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